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SOME  ASPECTS  OP  CRITICAL  POINT  THEORY 


Paul  H.  Rabinowitz* 


The  main  goal  of  these  lectures  is  to  describe  some  of  the 
research  done  on  minimax  methods  in  critical  point  theory  during  the 
past  several  years.  A  variety  of  abstract  critical  point  theorems 
will  be  stated  and  proved  and  applications  of  these  results  will  be 
made  to  differential  equations.  Due  to  time  limitations  we  will 
confine  our  applications  to  existence  theorems  for  semilinear 
elliptic  boundary  value  problems. 

To  briefly  describe  the  abstract  situation  that  is  treated, 
let  E  be  a  real  Banach  space  and  I  e  C1 (E,R) .  The  Frechet 
derivative  of  I  at  u  will  be  denoted  by  I'(u).  It  is  a  linear 
functional  on  Ef  i.e.  I'(u)  e  E* ,  the  dual  space  of  E.  A 
critical  point  of  I  is  a  point  at  which  I*(u)  •  0,  i.e. 

I' (u)+  •  0  (0.1) 

for  all  ^  6  S.  We  then  call  I(u)  a  critical  value  of  I.  In 
applications  to  differential  equations  this  situation  is  of  interest 
since  satisfying  (0.1)  corresponds  to  obtaining  a  weak  solution  of 
the  differential  equation.  Thus  when  applicable,  critical  point 
theory  serves  as  an  existence  mechanism  for  obtaining  weak  solutions 
of  differential  equations  as  critical  points  of  corresponding 
functionals. 
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The  simplest  kinds  of  critical  points  are  local  maxima  and 
minima  of  Z.  However  we  are  primarily  interested  in  indefinite 
functionals/  i.e.  functionals  which  may  not  be  bounded  from  above  or 
from  below  even  modulo  subspaces  or  submanifolds  of  finite  dimension 
or  codimension/  and  such  functionals  may  not  possess  any  local  maxima 
or  minima.  Thus  finding  critical  points  becomes  a  more  subtle 
question.  The  various  critical  points  we  obtain  in  this  paper  have 
the  common  feature  that  they  are  characterized  by  a  minimax 
procedure.  Such  minimax  methods  not  only  give  us  a  critical  point 
of  I  but  also  estimates  for  the  corresponding  critical  value  that 
can  be  useful  in  some  applications* 

In  §1/  several  technicalities  will  be  discussed  including  the 
so-called  Deformation  Theorem  which  plays  a  role  in  obtaining 
critical  points.  The  hypotheses  that  one  needs  in  a  PDE  setting  to 
show  a  functional  lies  in  C1 (E,R)  and  satisfies  appropriate 
compactness  conditions  will  be  described.  The  basic  ideas  of  minimax 
theory  will  also  be  introduced.  The  Mountain  Pass  Theorem  and  some 
PDE  applications  are  the  main  topic  in  §2.  A  brief  discussion  of 
(Brouwer  and  Leray-Schauder )  degree  theory  is  given  in  §3  and  a 
Saddle  Point  Theorem  is  proved.  A  generalized  version  of  the 
Mountain  Pass  Theorem  and  some  PDE  applications  are  given  in  §4.  The 
role  of  symmetries  in  obtaining  multiple  critical  points  of  a 
functional  is  discussed  in  §5  and  appropriate  tools  for  studying  this 
question/  in  particular  the  notion  of  genus  and  its  properties  are 
introduced.  This  machinery  is  used  to  study  constrained  variational 
problems,  a  theorem  of  Clark,  and  applications.  In  §6  a  symmetric 
version  of  the  Mountain  Pass  Theorem  is  given  together  with  an 
application.  Lastly  §7  deals  with  perturbations  from  symmetry  in  a 
PDE  setting. 

Some  other  recent  sources  for  material  on  critical  point  theory 
and  applications  are  Nirenberg  [1],  Berger  [2],  and  Rabinowitz  [3], 
[4].  Some  older  references  are  Ljusternik  and  Schnirelmann  [5], 
Krasnoselski  [6] ,  Vainberg  [7] ,  Palais  [8] ,  Schwartz  [9]  and  Browder 
1101. 


We  thank  again  the  members  of  the  Organizing  Committee  and  the 
participants  for  their  gracious  hospitality. 

§1.  THE  DEFORMATION  THEOREM  AND  OTHER  TECHNICALITIES 

This  section  treats  some  technical  results  that  will  be 
important  for  the  sequel.  In  particular  we  will  describe  the 
Deformation  Theorem  and  will  discuss  hypotheses  under  which  the 
functionals  we  study  in  the  PDE  setting  are  continuously 
differentiable  and  satisfy  appropriate  compactness  conditions. 

Unless  otherwise  indicated  in  this  paper,  E  denotes  a  real 
Banach  space.  Weak  convergence  in  E  will  be  denoted  by  and 

strong  convergence  by  — In  order  to  obtain  critical  points  of 
I  e  (E,R) ,  some  "conqpactness”  structure  is  generally  required 
for  I.  A  useful  hypothesis  in  this  direction  is  the  Palais-Smale 
condition  (PS).  We  say  X  satisfies  (PS)  if  any  sequence  (u^) 
such  that  |l(um)|  is  uniformly  bounded  and  I'(u  )  ♦  0  possesses  a 
convergent  subsequence.  Several  examples  of  (PS)  will  be  exhibited 
in  the  course  of  our  future  PDE  applications  so  we  will  not  pause  now 
to  give  an  example. 

For  I  e  C^(E,R)  and  c,s  6  R,  let 

K  5  {u  e  E | I (u)  *  c  and  I'(u)  “  0}  and  A  =  {u  e  E|l(u)  <  s}  . 

c  s 


An  important  technical  result  that  will  be  used  repeatedly  is  the 
following! 

Theorem  1.1  (Deformation  Theorem);  Let  I  e  C*(E,R)  and  satisfy 
(PS).  Then  for  any  c  e  R,  e  >  0,  and  neighborhood  0  of  Kc, 
there  exists  an  e  e  (0,e)  and  n  6  C([0,1]  x  E,E)  such  that  for 
all  u  e  E  and  t  e  (0,1] j 
1®  n(0,u)  *  u 

2*  n(t,u)  =  u  if  I(u)  ^  [c  -  e,c  +  c] 

3*  n(t, •)  is  a  homeomorphism  of  E  onto  S 
4*  ln(t,u)  -  ul  <  1 


5® 

6® 

7® 


'"'Vt'®  CV. 

If  nd,Ac+e)  c  » 


If  I(u)  is  even  in  u,  n(t,*) 


is  odd  in  u 


Proof t  The  proof  of  Theorem  1.1  can  be  found  in  [11]  or  [3].  See 


also  [8]  or  [10].  We  will  briefly  mention  some  of  the  ideas  behind 

the  proof.  Suppose  S  ■  Rn  and  I  6  C^.  Then  the  ordinary  ' 

differential  equation 

|*--I'(40,  4»(0,u)  ■  u  (1.2) 

possesses  a  unique  solution  defined  on  some  maximal  t  interval 
(t”(u),t+(u))  for  each  u  e  B.  Thus  4»  satisfies  1*,  3*,  7*  above 
and  where  defined  we  have 

K1>(t,u))  -  !•<♦)  •  |J  -  - 1 1  *  <  ♦)  1 2  (1.3) 

Consequently  by  (1.3),  I  strictly  decreases  along  orbits  of  (1.2) 

unless  u  is  a  critical  point  of  I  and  this  makes  5*-6*  seem 

plausible.  Unfortunately  t+(u)  may  not  exceed  1  nor  need  2*,  4* 

be  satisfied.  However  by  replacing  the  right  hand  side  of  (1.2)  by  • 

“X( •)!'(•)  where  x  is  an  appropriately  scaled  cut  off  function, 

it  is  not  difficult  to  show  the  resulting  flow  satisfies  1*-7*.  The 

general  case  is  technically  more  difficult  since  I  is  merely  C1 

and  I'  6  E*,  not  E,  while  t^CE  so  (1.2)  makes  no  sense.  See 

at 

e.g.  the  references  mentioned  above  for  the  details. 

Remark  1.4:  (i)  Related  results  can  be  obtained  if  S  is  not  a 

linear  space  but  a  manifold.  See  e.g.  [8]  or  [10].  (ii)  The 
requirement  that  I  be  C1  has  been  weakened  somewhat  by  Chang 
[12].  (iii)  One  does  not  need  (PS)  for  the  proof  of  Theorem  1.1, 

but  only  a  local  version  thereof  such  as:  Whenever  I(u  )  -*•  c  and 

m 

l'(un)  ♦  0,  (un)  is  precompact,  (iv)  Even  weaker  versions  of 
(PS)  suffice  in  some  situations.  See  e.g.  [13-16].  (v)  One  is 
sometimes  interested  in  situations  in  which  4*  corresponds  to  a 
positive  rather  than  negative  gradient  flow.  Calling  the  resulting 

A 

map  n  we  still  get  Theorem  1.1  with  some  minor  modifications.  E.g. 

6*  becomes 

A 

n(l,{u  e  e|x(u)  >  c  -  e})  c  (u  e  e|x(u)  >  c  ♦  e) 
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Before  beginning  with  the  PDE  technicalities,  we  will  discuss 
the  basic  ideas  behind  the  use  of  minimax  methods  in  critical  point 
theory.  Suppose  1  e  C  (E,R)  satisfies  (PS)  and  there  exists  a 
family  S  of  subsets  of  E  which  is  invariant  under  a  gradient  or 
gradient-like  flow  (as  in  (1.2)).  Define 

c  S  inf  sup  I(u)  (1.5) 

xeS  uex 


Suppose  further  that  -•  <  c  <  •.  Then  c  is  a 
I.  For  if  not,  by  Theorem. 1.1  with  e.g.  e  «  1, 
e  e  (0,1)  and  n  e  C([0,1]  X  e,E)  such  that 


"'I'Ve1  c  Vc 


critical  value  of 
there  is  an 


(1.6) 


Choose  A  C  S  such  that 

sup  Z  <  c  +  c  •  (1.7) 

A 

By  hypothesis,  nd,*)  s  S  ♦  S  and  therefore  nd,A)  e  S.  Hence  by 
(1.6)  and  (1.7), 

sup  x(nd,u))  <  c  -  e 
u6A 


contrary  to  (1.5). 

We  will  see  many  applications  of  this  argument  in  the  sequel. 

In  practice  (assuming  we  have  already  verified  (PS)),  the  main 
difficulties  are  in  finding  S  and  avoiding  critical  values  that  may 
already  be  known.  As  an  almost  trivial  example  of  this  argument,  we 

have 

Proposition  1.8i  Suppose  I  (  C  (E,R),  satisfies  (PS),  and  is 
bounded  from  below.  Then 

c  “  inf  I 

I 


is  a  critical  value  of  I. 

Proofs  Take  $  ■  {{x}|x  e  b}.  Then  n(1#*)  trivially  maps  S  ♦  S 
and  (1.5)  reduces  to  the  inf  of  I  on  S. 
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We  will  conclude  this  section  with  some  results  that  are 
necessary  for  our  later  PDE  applications.  We  prefer  to  work  with  the 
simplest  such  situation  and  therefore  will  restrict  our  applications 
to  problems  of  the  formx 

-Au  ■  p(x,u),  x  e  0  (1.9) 

u  *  0,  x  e  3Q 

where  here  and  in  all  of  our  PDE  applications  ft  C  Rn  is  a  bounded 
domain  with  a  smooth  boundary.  We  assume  p  satisfies 
<Pl )  P  C  C({)  x  R/ R) , 

and 

(P2>  there  are  constants  ai'a2  *  0  such  that 
|p(x,5)|  <  a1 | 51 8  +  a2 

where  0  <  s  <  (n  +  2 ) (n  -  2)  1  if  n>2. 

Hypothesis  (p2)  is  dictated  by  the  Sobolev  Embedding  Theorem  and  can 
be  weakened  if  n  *  2.  Our  results  also  apply  when  n  *  1  in  which 
case  (p2)  is  not  needed. 

Let  P  denote  the  primative  of  p,  i.e. 

5 

P(x,C)  »  /  p(x,t)dt 
0 

1  2 

and  let  E  »  WQ'  (0),  the  usual  Sobolev  space  obtained  as  the 
closure  of  CQ(n)  under 

lulj  =  lul2  -  /  |7u|2dx 
E  Q 

(The  usual  norm  in  E  is 

[J  (|Vu|2  +  u2)dx)1/2 
Q 

which  by  the  Poincar4  inequality  is  equivalent  to  the  norm  we  use). 
Even  if  not  stated  explicitly  there ,  in  each  of  our  future  PDB 
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1  2 

applications#  B  ”  W^'  (fl).  Define  for  u  6  E# 

J(u)  -  /  P(x#u(x))dx  . 

Q 

Proposition  1.10;  Let  p  satisfy  (pj)~(p2)«  Then  J  e  C^(E#R)  and 
for  u#$  e  B# 

J'(u>*  *  /  p(x,u(x))$(x)dx  . 

Q 

Moreover  J  is  weakly  continuous#  i.e.  u  in  B  implies 

J(u  )  ♦  J(u),  and  J'(u)  maps  weakly  convergent  to  strongly 

2B 

convergent  sequences#  i.e*  um  u  in  E  implies 

/  p(x,u  )$dx  ♦  /  p(x#u)$dx 

fl  “  a 

uniformly  for  $  in  the  unit  ball  in  B. 

Proof;  For  the  proof  of  these  facts#  see  [3]  or  [13]. 

With  these  preliminaries,  the  relationship  between  (1.9)  and 
critical  point  theory  becomes  clear.  Set 

I(u)  =  J  ~  | Vu|2dx  -  J(u)  -  j  lul2  -  J(u)  (1.11) 

Q 

The  fora  of  I  and  Proposition  1.10  imply  I  e  C^(E,R)  and 

X'(u)+  ■  /  (Vu«V$  -  p(x,u)f)dx  (1.12) 

a 

for  all  ^  e  B.  Thus  a  critical  point  of  1  is  a  weak  solution  of 
(1.9). 

Proposition  1.13;  If  p  satisfies  (P2)  and 

(p^ )  p  is  locally  Lipschitz  continuous  in  0  *  R# 
any  weak  solution  of  (1.9)  is  a  classical  solution. 

Proof .  See  e.g.  [17]. 

In  order  to  apply  the  abstract  theorems  we  will  be  studying  next 
to  (1.11)#  we  must  verify  that  I  satisfies  (PS).  This  will  be  done 
in  later  sections  under  various  hypotheses  on  p.  The  verification 
process  can  be  simplified  with  the  aid  of  the  following; 
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Proposition  1.14;  Suppose  p  satisfies  (p.j),  (pj)  and  I  is 
defined  by  (1.11).  Zf  (uQ)  is  a  sequence  in  E  such  that  (u^) 
is  bounded  and  I'Cu^)  +•  0,  then  (v^)  possesses  a  convergent 
subsequence • 

Remark  1.15:  By  Proposition  1.1 4,  to  verify  (PS)  in  our  PDE  setting 
all  we  need  show  is  whenever  I(un)  is  bounded  and  Z'(ua)  ♦  0, 
then  (um)  is  bounded. 

Proof  of  Proposition  1.14:  since  (v^)  is  bounded,  it  possesses  a 
weakly  convergent  subsequence  which  we  also  denote  by  (u^) .  Say 
u  -*>  u.  Let  i  denote  the  canonical  injection  of  E*  to  E.  The 

III 

form  of  I'  implies 


Thus 


i  l'(u)  »  u  -  l  J*(u)  . 


(1.16) 


1  I'(u  )  -  u  -  t  J'(u  )  ♦  0  (1.17) 

IB  IB  IB 

and  by  Proposition  1.10,  1  J'(u  )  converges  to  i  J'(u).  Hence 

IB 

u,,,  has  a  convergent  subsequence. 


§2.  THE  MOUNTAIN  PASS  THEOREM 


In  this  section  we  will  study  the  Mountain  Pass  Theorem  and  some 
variants  of  this  result.  Below  BR(x)  denotes  the  open  ball  of 
radiur  R  in  E  centered  at  x.  If  x  ■  0,  we  simply  write  BR. 
Theorem  2.1  (Mountain  Pass  Theorem  [1S])t  Let  I  e  C^E.R)  and 
satisfy  (PS).  Suppose  I  also  satisfies 

(Ij)  1(0)  »  0  and  there  are  constants  p, a  >  0  such  that 


P 

(I- )  There  is  an  e  e  E\B  such  that  1(e)  <  0, 

A  P 

Then  I  possesses  a  critical  value  c  >  a  which  can  be 
characterised  as 


c  =  inf  max  I(g(t)) 

ger  teto.il 


(2.2) 


where 


r  ■  (g  e  C( (0, 1 ] ,E ) | g( 0 )  -  0, g( 1 )  -  e) 


Proof t  Since  3b^  separates  0  and  e  and  each  curve  g( [0, 1] ) 

joins  0  and  e,  g([0,1])  n  3b.  *  $  and  therefore 

P 

max  I(g(t))  >  a 

te[0,1] 

via  (Ij).  Hence  c  >  a.  To  see  that  c  is  a  critical  value, 

•  d 

suppose  not*  Then  we  can  invoke  Theorem  1.1  with  e  »  —  and 
0  ■  f .  With  e  and  n  as  given  by  Theorem  1.1,  choose  g  B  T 
such  that 

max  I(g(t))  <  c  ♦  e  (2.3) 

teio,i) 

and  consider  n(1,g(t))  =  h(t).  If  her,  (2.3)  and  6*  of  Theorem 
1.1  imply  that 

max  I(h(t))  <  c  -  e  (2.4) 

teto,i] 

contrary  to  the  definition  of  c  in  (2.2).  Thus  c  must  be  a 
critical  value  of  I.  To  verify  that  her,  observe  that 
h  e  C( [0,1] ,E).  Moreover  our  choice  of  e  and  2*  of  Theorem  1.1 
imply  that  h(0)  ■  ud,g(0))  «  n(1,0)  *  0  and  h(1)  -  n(1,g(U)  * 
n(1,e)  “  e.  Thus  her  and  the  proof  is  complete* 

Remark  2.5:  The  Mountain  Pass  Theorem  is  due  to  Ambrosetti  and 
Rabinowitz  [18].  It  is  so  named  because  (I1)-(I2>  imply  0  and  e 
are  separated  by  a  "mountain  range"  and  therefore  there  must  be  a 
mountain  pass  through  this  range.  Thus  our  characterization  of  c 
seems  natural.  However  there  are  other  ways  to  characterize  a 
critical  value  of  I  which  are  also  geometrically  natural  and  which 
may  in  general  give  a  different  critical  value  than  c  above. 

Indeed  there  is  no  definitive  characterization  of  a  critical  value 
of  I  for  the  class  of  problems  we  study.  Choosing  sets  with 
respect  to  which  to  minimax  I  is  a  very  ad  hoc  process. 

The  next  result  illustrates  the  above  remarks  by  producing 
another  critical  value  for  I  which  may  not  equal  c. 

Theorem  2.6  [18] t  Under  the  hypotheses  of  Theorem  2.1,  I  possesses 
a  critical  value  b  such  that  a  <  b  <  c  where  b  can  be 
characterized  as 
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b  ■  sup  inf  X(u) 
Bew  uedB 


(2.7) 


where 


W  “  (B  C  E|0  e  B  open  and  e  ^  5}  . 
Proof :  By  (1^), 


inf  I  >  a 
3BP 


so  b  >  a.  If  Bew  and  g  e  T, 

B  n  g(  [0, 1  ]  )  *  *  . 

Thus  if  w  lies  in  this  intersection, 

inf  I  <  I(w)  <  max  I  . 
b  g( [0,1J ) 

Since  this  is  true  for  any  B  e  W  and  g  e  T,  b  <  c.  Lastly  if 
B  is  not  a  critical  value  of  I,  letting  e  *  ,  Theorem  1.1  and 
Remark  1.4  (v)  give  us  e  e  (0,e)  and  n  e  C([0,1]  x  e,E)  such  that 

^'Ve*  C  Ve  (2*8) 

* 

where  A  »  {u  6  E|l(u)  >  s}.  Choose  B  e  W  such  that 
s 


inf  I  >  b  -  e  .  (2.9) 

3B 

A  A 

and  consider  n(1,B).  This  is  an  open  set  since  n(1,*)  is  a 

A  A 

homeomorphism.  Moreover  nC 1,0)  *  0  and  n(1,e)  “  e  via  our  choice 

mm  A  -  A 

of  e  so  0  e  nd,B)  and  e  $  n(1,B).  Thus  n(1,B)  e  W  and 

inf  I  <  b  .  (2.10) 

3n( i ,b) 

A  A  A 

But  3nd,B)  ■  n(1,3B)  since  h(1,*)  is  a  homeomorphism  and 
therefore  by  (2.8)  and  (2.9), 

inf  I  >  b  +  e  (2.11) 

3h(1,B) 

contrary  to  (2.10). 


-10- 


Exercise  2.12t  Give  an  example  where  b  *  c  (e.g.  in  R) 

Using  the  dual  approach  to  the  Mountain  Pass  Theorem  as  in  this 
last  result,  we  can  prove  a  critical  point  theorem  for  a  "degenerate" 
situation  (see  also  [19]). 

Theorem  2.13:  Let  I  e  C^E^R)  and  satisfy  (PS).  Suppose  I 
satisfies 

(Ij)  1(0)  *  0  and  there  is  a  p  >  0  such  that  ij^  >0 

and  (I2).  Then  I  possesses  a  critical  value  b  >  0,  as 

characterized  by  (2.7).  Moreover  if  b  -  0,  there  exists  a  critical 

value  of  I  on  3B  • 

P 

Proof:  If  b  >  0,  the  proof  of  Theorem  2.6  carries  over  to  this 
case  without  any  change.  Thus  suppose  b  ■  0.  Without  loss  of 
generality  we  can  assume 

min(p,lel  -  p)  >  1  .  (2.14) 

If  I  has  a  critical  value  on  3B  ,  we  are  through.  Thus  suppose 

P 

I'  *  0  on  SB  .  Therefore  since  K0  is  compact  by  (PS),  there  is 
P 

a  neighborhood  0  of  KQ  such  that  0  n  3Bp  -  +.  By  Theorem  1.1 
with  e  «  1,  there  is  an  e  e  (0,1)  and  ne  C([0,1]  x  E,E]  such 
that 

n<i,A_e\0>  C  Ae  . 


A  A  A 

In  particular  n(1,3B  )  “  3n(1,B  )  C  A  and 

P  P  e 

inf  I  >  c  . 

3nd,Bp) 

A 

Thus  we  have  a  contradiction  to  b  *  0  provided  that  h(1»B  )  e  W. 

a  .  . .  r 

It  suffices  to  verify  that  0  e  n(1,Bp)  and  e  ^  n(1,Bp).  Since 
h(1,*)  is  a  homeomorphism  of  E  onto  E,  there  exists  an  x  e  E 

A 

such  that  n(1,x)  “  0.  Moreover  by  4*  of  Theorem  1.1, 
ln(1*x)  -  xl  -  Ixl  <  1  <  p  via  (2.14)  so  x  e  B  .  Similarly  there 

A  __  P 

is  a  y  e  E  such  that  n(1,y)  “  e.  If  ye  B  , 

A  P 

ly  -  n(1,y) I  ■  ly  -el  <  1  contrary  to  (2.14).  Thus  I  has  a 
critical  point  on  3Bp  and  the  proof  is  complete. 

Remark  2.15:  The  conclusions  of  Theorem  2.13  hold  if  in 

replace  3Bp  by  3B  for  some  B  e  W.  Indeed  the  same  proof  works. 
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1 


uoroxxary  10  ui.  xex  x  c  x.  vc.,tw  auu  satiHiy  \roi»  11  x 
possesses  a  pair  of  local  minima,  then  Z  possesses  a  third  critical 
point* 

Proof:  Suppose  the  local  minima  occur  at  respectively, 

I(xi)  “  o^,  i  ■  1,2,  and  o^  >  a^*  Without  loss  of  generality  we 

can  assume  *  0  and  s  0.  Since  0  is  a  local  minimum  for 

I,  (Ij)  is  satisfied  and  the  result  follows  from  Theorem  2.13. 

Remark  2.17:  If  in  the  setting  of  Corollary  2.16,  b  as  defined  by 

(2.7)  equals  0,  then  Kq  contains  a  component  which  meets  3B^ 

for  each  small  r.  For  since  0  is  a  local  minimum  for  I,  there 

is  an  r  >  0  such  that  I  >  0  in  Br.  Thus  by  Remark  2.15  for  any 

B  e  W  with  B  C  B  ,  K„  n  3b  *  A.  The  result  then  follows  from  a 
r  0  T 

standard  argument  in  point  set  topology  (see  e.g.  [20]). 

Now  we  turn  to  some  applications  of  the  Mountain  Pass  Theorem  to 
PDE 1 s .  Consider  (1.9). 

Theorem  2.18  [18]:  If  p  satisfies  (pj)~(P2)r 
<P3)  p(x,C)  «  o(| C|)  as  C  ♦  0, 

(p4)  There  is  a  y  >  2  and  r  >  0  such  that 

0  <  jiP(x,£)  <  Cp(x,C)  for  |  Cl  >  r  , 

then  (1.9)  possesses  a  nontrivial  weak  solution. 

Remark  2.19;  Note  that  (p3)  implies  that  u  5  0  is  a  solution  of 
(1.9)  which  we  will  call  the  trivial  solution  of  (1.9).  Hypothesis 
(p4)  implies  there  are  constants  a3,a4  >  0  such  that 

P(x,C)  >  a3lC|W  -  a4  (2.20) 

for  all  C  e  R.  Thus  P  grows  at  a  "superquadratic"  rate  and  by 
(p4),  P  at  a  "superlinear"  rate  as  | Cl  ♦  *•  Consequently  by 
(1.11)  and  (2.20), 

I(t,u)  <  —■  lul2  -  /  (a,|u|W  -  a.)dx  -►  -•  (2.21) 

2  J  3  4 

as  t  ♦  •  for  any  u  S  E\{0)  which  shows  that  1  is  not  bounded 

from  below.  Moreover  I  is  not  bounded  from  above.  Indeed  choose 

12 

any  orthornormal  basis  (e  )  for  E  =  WA  (SI).  Then  for  any  R  >  0, 

IQ  U 
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Re  0  and  J(Ra  )  -*■  0  via  Proposition  1.10.  Ranee 
b  m 

I  ( Re  )  >  7  R2 

for  all  large  a  -  m(R).  Since  R  is  arbitrary,  I  is  not  bounded 
from  above  in  8. 

Proof  of  Theorem  2.18t  We  will  show  that  I  as  defined  by  (1.11) 
satisfies  the  hypotheses  of  Theorem  1.1.  Clearly  1(0)  ■  0  and 
hypotheses  (p^)-^)  and  Proposition  1.10  show  I  e  C1(B,R). 
Hypothesis  (p4)  implies  (Z2)  via  Remark  2.19.  The  fora  of  I  shows 
(Ij)  holds  if  J(u)  "  o(lul2)  as  lul  ♦  0.  By  (p3),  for  any 
s  >  0,  there  is  a  6  >  0  such  that  |  £|  <  6  implies 
|p(x,£)|  <  eKI  and 

|P(x,C)|  <  ~  el  Cl2  .  (2.22) 

By  (p2>,  there  is  an  A£  >  0  such  that 

|F(x,£)|  <  A^ICI***  (2.22*) 

for  | C|  >6.  Adding  these  two  equations  yields 

|P(x,£)|  <  |  Ul2  +  AeU|,+1  (2.23) 

for  all  C  e  R.  The  Poincarf  and  Sobolev  inequalities  then  imply 

|j(u)|  <  |  lul22  +  Aglul8^  <  a5(|  +  Aeluls_1)lul2  (2.24) 

L  L 

2 

for  all  u  e  E.  Since  e  is  arbitrary,  J(u)  “  o(lul  )  as 
lul  ♦  0  and  (Ij)  is  satisfied.  Lastly  suppose  (Ug)  is  a  sequence 
in  B  such  that  IKu^I  <  N  and  Z'tv^)  ♦  0.  Then  for  all  large 

m  and  u  =  u  , 

n 

M  ♦  0lul  >  Z(u)  -  0Z'(u)u  -  (2.25) 

■  (r  -  0)lul2  +  /  (0p(x,u)u  -  P(x,u))dx 
Q 

where  0  e  (o,j).  Choosing  0  «  -J,  (p4)  and  (2.25)  show 
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",  ♦  S'V  >  (i  -  Bjlu.l2 


where  is  independent  of  m.  It  follows  that  (u^  is  bounded 

in  E.  Therefore  by  Proposition  1.14,  (PS)  is  satisfied.  Hence 
Theorem  2.18  follows  from  the  Mountain  Pass  Theorem. 

Corollary  2.27  [18]:  Suppose  p  satisfies  (p|),  (p2)»  (P3)  *nd 
(p^)  There  exists  y  >  2  and  r  >  0  such  that 

0  <  yP(x,£)  <  £p(x,£)  for  £  >  r  . 

Then  (1.9)  possesses  a  classical  solution  u  >  0  in  ft. 

Proof:  Define  p(x,£)  “  p(x,£)  if  5  >  0  and  p(x, £)  “0  if 
£  <  0.  If  P  denotes  the  primative  of  p»  yP(x,£)  <  £p(x,  £)  for 
all  | Cl  >  r.  The  arguments  of  Theorem  2.18  show 

I(u)  “  —  lul2  -  /  P(x,u)dx 

a 

satisfies  the  hypotheses  of  the  Mountain  Pass  Theorem.  Indeed  only 
the  proof  that  I  satisfies  (I2>  need  be  modified.  The  verification 
of  (I2)  follows  from  (2.20)  which  now  holds  for  £  >  0.  Taking  a 
to  be  a  positive  function  in  ft  then  easily  yields  (I2).  Therefore 
by  Theorem  2.1,  the  equation 

-Au  ■  p(x,u),  x  e  ft  (2.28) 

u  ■  0  ,  x  e  3ft 

has  a  nontrivial  weak  solution  u  and  by  Proposition  1.13  u  is  a 
classical  solution  of  (2.28).  Consider  V  m  {x  e  ft|u(x)  <  0}.  Then 
by  the  definition  of  p, 

-Au  -  0,  xel)  (2.29) 

u  -  0,  x  e  3P  . 

The  Maximum  Principle  then  implies  P  ■  Therefore  u  >  0  in  ft 
and  hence  satisfies  (1.9).  Since  we  can  write  (2.28)  as 

-Au  -  -  (iiSjSil). 

where  p*  are  respectively  the  positive  and  negative  parts  of  p 
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and  p(x,u)*u  1  are  continuous  via  (P3),  the  Strong  Maximum 
Principle  implies  u  >  0  in  Q  and  <0  on  3Q  where  v(x) 

is  the  outward  pointing  normal  to  3Q. 

Corollary  2.30;  If  p  satisfies  (p^),  possesses  a 

classical  solution  u  >  0  and  a  classical  solution  w  <  0  in  ft 
Proof;  Since  (p^)  implies  (p^ ) ,  the  existence  of  u  follows  from 
Corollary  2.27.  A  truncation  argument  similar  to  that  of  Corollary 
2.27  also  yields  the  existence  of  the  negative  solution  w. 

Remrk  2.31:  More  careful  arguments  avoiding  the  classical  Maximum 
Principle  give  weak  solutions  u  and  w  as  in  Corollary  2.30 
with  (pj)  replaced  by  (p^).  An  interesting  open  question  is  whether 
one  can  get  the  positive  and  negative  solutions  of  (1.9)  in  a  more 
direct  fashion  without  using  the  truncation  arguments  of  the  above 
Corollaries. 

Remark  2.32:  An  identity  of  Pohozaev  [21]  for  solutions  of  (1.9) 
when  p  is  independent  of  x  says 

2n  /  P(u)dx  +  (2  -  n)  /  p(u)udx  *  /  x»v(x) | ^i|*dS  .  (2.33) 

Q  ft  3ft 

Thus  if  ft  is  starshaped  with  respect  to  the  origin,  x*v(x)  >  0 
and  (2.33)  implies 

/  P(u)dx  >  ™ 2- ~  2  I  p(x,u)udx  (2.34) 

ft  ft 

Thus  if  P(u)  *■  (s  +  ir1|u|s+1,  (2.34)  shows  s  <  (n  4  2)(n  -  2)  * 

and  a  growth  condition  is  necessary  to  get  nontrivial  solutions  of 
(1.9).  An  interesting  open  question  is  to  better  understand  the 
relationship  between  the  geometry  of  the  domain  and  the  growth  rate 
of  p(x,€).  E.g.  for  domains  with  holes,  there  may  exist  nontrivial 
solutions  even  if  s  >  (n  ♦  2)(n  -  2)-1.  This  is  known  in  particular 
for  p  a  pure  power  in  an  annular  domain  in  Rn . 

For  our  next  PDB  application,  consider  the  nonlinear  eigenvalue 
problem 
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-Au  ■  Xp(x,u),  x  e  Q 


(2.35) 


u  *  0  ,  x  e  38 

where  X  e  R. 

Theorem  2.36  [18]:  Suppose  p  satisfies  (pj),  (p3),  and 

(pj)  There  is  an  r  >  0  such  that  p(£)  >  0  in  (0,r) 
and  p(r)  ■  0. 

Then  there  exists  a  X  >  0  such  that  for  all  X  >  X,  (2.35)  has  at 
least  two  classical  solutions  which  are  positive  in  0. 

Proofs  Define  p(£)  *  p(£)  for  5  S  [0,r]  and  p(£)  ■  0 
otherwise.  Then  p  satisfies  (p* ) #  (p3),  and  (p^).  If  u  is  a 
solution  of 

-Au  “  Xp(u),  x  e  8  (2.37) 

u  ■  0  ,  x  e  30 

the  argument  of  Corollary  2.27  shows  #  (as  defined  there)  “  f 
and  u  >  0  in  8.  A  similar  argument  shows  V+  -  {u  6  Q|u  >  r}  ■  4 
Hence  0  <  u  <  r  in  8  and  u  satisfies  (2.35).  Thus  to  prove  the 
theorem,  by  these  observations  and  Proposition  1.13  it  suffices  to 
find  nontrivial  critical  points  of 

I.(u)  =  7  lul2  -  X  /  P(u?dx  (2.38) 

8 

12  «  • 
on  E  »  W  '  (8)  where  P  is  the  primative  of  p.  Since  p 

0  1 

satisfies  (P2)  with  s  ■  0,  1^  e  C  (E,R)  and  satisfies  (Ij) 

via  (pj ) >  (p3)  as  in  Theorem  2.8.  Suppose  (um)  is  a  sequence  such 
that  I^tu^)  *  M.  Then  by  (P2)  with  s  ■  0, 

7  lu  I2  -  a,  /  |u  |dx  -  a-  <  I.(u  )  <  M  .  (2.39) 

i  n  l^m  o  Am 

Hence  by  the  HSlder  and  Poincar6  inequalities  (ug|)  is  bounded  and 
(PS)  follows  from  Proposition  1.14. 

Inequality  (2.39)  also  shows  I ^  is  bounded  from  below.  Thus 

bX  S  l"f  *X 
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is  a  critical  value  of  1^  by  Proposition  1.8.  It  is  possible  that 
b^  *  0  and  corresponds  to  the  trivial  solution  u  =  0  of  (2.35) 
(Indeed  b^  *  0  for  small  X).  However  let  $  e  E\{0)  such  that 
4  >  0  and  $(x)  e  [0,r)  for  x  e  8.  Then  for  X  sufficiently 
large,  I^($)  <  0  and  therefore  b^  <  0.  Set 
X  “  inf{X  e  R|b^  <  0}.  Then  for  all  X  >  X,  1^  has  a  critical 
point  u^  such  that  X^(u^)  *  b^  <  0  and  u^  is  a  positive 
solution  of  (2.35).  Moreover  since  l^(u^)  <  0,  I ^  satisfies 
(I2)>  Hence  by  the  Mountain  Pass  Theorem,  X.  has  a  second  critical 
point  u^  such  that  X^(u^)  >  0  and  u^  is  also  a  positive 
solution  of  (2.35).  Thus  we  have  two  distinct  positive  solutions  of 
(2.35)  for  X  >  X  and  the  proof  is  complete. 


§3.  THE  SADDLE  POINT  THEOREM 

Our  goal  in  this  section  is  to  prove  t 
Theorem  3.1  (Saddle  Point  Theorem)  (22) t  Let  E  «  V  •  X  where  V 
is  finite  dimensional.  Suppose  X  e  C1 (E,R)  and  satisfies  (PS).  If 
there  are  constants  a  and  8  and  a  bounded  neighborhood  D  of 
0  in  V  such  that 
dj> 

and 

(I4)  X|x  >  8  >  o  , 

then  X  possesses  a  critical  value  c  >  8.  Moreover  c  can  be 
characterised  as 

c  ■  inf  max  X(h(u))  (3.2) 

her  ueD 


where 

r  ■  {h  !  C(P,E)|h(u)  ■  u  for  u  e  3P) 

Remark  3.3t  Rote  that  unlike  the  applications  of  the  Mountain  Pass 
Theorem  in  |2,  there  is  no  known  critical  point  to  begin  with  in 
Theorem  3.1.  If  l(u)  as  u  ♦  •  in  V  and  X(u)  ♦  •  as 

u  ♦  *  in  X,  then  X  satisfies  (I3)-(X4).  This  will  be  the  case 
if  X  is  e.g.  convex  in  X,  concave  in  V,  and  appropriately 
coercive. 
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One  of  the  tools  that  goes  into  the  proof  of  Theorem  3.1  and 
some  later  results  is  the  theory  of  topological  degree  of  Brouwer  in 
the  finite  dimensional  case  and  of  Leray  and  Schauder  in  the  infinite 
dimensional  setting.  Therefore  we  will  make  a  brief  digression  to 
discuss  the  results  we  will  need. 

1  n 

Let  0  c  R°  be  bounded  and  open,  fee  (0,11),  and 
b  e  Rn\$(3 0).  Consider  the  equation 

♦(x)  »  b  .  (3.4) 

We  are  interested  in  whether  there  are  any  solutions  of  this  equation 
and  if  so  how  many.  Suppose  (x)  is  nonsingular  whenever 
$(x)  *  b.  Then  by  the  Inverse  Function  Theorem,  solutions  of  (3.4) 
are  isolated  and  therefore  there  can  only  be  finitely  many  of  them 
since  by  hypotheses  b  ^  ${30).  For  this  "nice"  case  we  define  the 
(Brouwer)  degree  of  $  with  respect  to  0  and  b,  d(  $,  0,b),  to  be 

d($,0,b)  5  l  sign|$'(x)|  (3.5) 

xe*  *(b) 

where  |$'(x)|  denotes  the  determinant  of  at  x.  Then 

d( $,  0,b)  possesses  the  following  properties 


1" 

d( id, 0,b)  -  1 

if  b  e  Oj  and  ■  0 

otherwise 

2° 

d(*,0,b)  *  0 

♦(x)  -  b 

implies  there  exists 

x  e  0  such 

that 

3" 

d(*,0,b)  -  0 

if  b  t  *(C) 

4" 

(Continuity  of  d  in  $):  d(ty,0,b) 

-  d( $,0,b) 

for  all 

♦  near  f 

5* 

(Additivity) 

If  0  ■  0^  *-»  0j  where 

0  n  0  = 

1  2 

$  and 

b  f  ^O0n )  U  *O02),  d( $,0,b)  -  d(*,01fb)  +  d(*,02,b) 


In  1",  id  denotes  the  identity  map.  The  proofs  of  the  above 
statements  are  immediate  from  the  definition  with  the  exception  of  4* 
(which  refers  to  "nice"  mappings  <|>  near  $)  which  follows  with 

the  aid  of  the  Inverse  Function  Theorem  -  see  [9]. 

This  notion  of  degree  extends  from  the  class  of  nice  C*  $'• 
to  C(0,Rn).  See  [9]  for  the  proof  oft 
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Theorem  3.7:  There  la  an  integer  valued  map  d  “  d(<fr,0,b)  defined 
for  all  bounded  open  sets  0  C  Rn,  <p  e  C((?,Rn),  and  b  e  Rn\$<30) 
and  which  satisfies  1*-5*  of  (3.6).  Moreover  d  is  given  by  (3.5) 
for  "nice" 

Remark  3.8:  In  Theorem  3.7,  4*  of  (3.6)  refers  to  all  maps  i>  near 
♦  in  C(0,Rn). 

An  important  consequence  of  4*  is  the  homotopy  invariance 
property  of  d. 

Proposition  3.9:  If  He  0(10,1]  *5, R°)  and  b^H([0,1]  x  30), 
then  d(H(t,*),0,b)  is  independent  of  t. 

Proof :  By  4#  of  (3.6),  d(H(t, »),0,b)  is  continuous  in  t  and  is 
integer  valued;  hence  the  result. 

Proposition  3.9  implies  that  d($,0,b)  depends  only  on  the 
values  of  t  on  30: 

Corollary  3.10:  If  $,i|i  e  C(0,Rn),  $  *  ^  on  30,  and 

b  4  Rn\*(30),  then  d(*,0,b)  =  d(i|>,0,b). 

Proof :  Set  H(t,x)  -  t$(x)  +  (1  -  and  invoke  Proposition 

3.9. 

The  finite  dimensional  degree  theory  that  has  just  been 
described  has  an  extension  that  is  valid  in  an  infinite  dimensional 
setting.  Let  E  be  a  real  Banach  space  and  4  e  C(D,E)  where 
0  C  E  is  bounded  and  open  and  4(u)  "  u  -  T(u)  where  T  is 
compact.  The  resulting  degree  theory  is  due  to  Leray  and  Schauder 
and  can  be  obtained  from  Theorem  3.7  by  a  limit  process.  See  [9]  or 
[23]  for  details.  For  later  reference  we  state: 

Theorem  3.11:  Let  E  be  a  real  Banach  space.  There  exists  an 
integer  valued  map  d  »  d(4>,0,b)  defined  for  all  bounded  open 
sets  0  CE,  0(u)  *  u  -  T(u)  e  C(0,E)  where  T  is  compact,  and 
b  e  E\$(30)  and  which  satisfies  1*-5*  of  (3.6). 

Remark  3.12:  It  follows  from  their  proofs  that  Leray-Schauder  degree 
also  satisfies  the  conclusions  of  Proposition  3.9  and  Corollary  3.10. 
Now  we  turn  to  the 

Proof  of  Theorem  3.1:  Let  P  denote  the  projector  of  E  onto  V 
obtained  from  the  given  splitting  of  E.  If  h  e  V,  then 
Ph  e  C(P,V)  and  we  can  identify  V  with  R°  for  some  n. 
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Moreover  for  u  e  iV,  Ph(u)  **  Pu  *  u  *  0.  Thus  d(Ph,P,0)  is 
defined  and  by  Corollary  3.10  and  1*  of  Theorem  3.7, 

d(Ph,P,0)  -  d( id, 17,0)  -  1 

Thus  there  exists  x  e  V  such  that  Ph(x)  ■  0.  Since 
h(x)  *  (id  -  P)h(x)  e  X,  by  <I4) 

max  Z(h(u) }  >  I(h(x))  >  0  .  (3.13) 

V 

But  (3.13)  holds  for  each  her  so  c  >  0.  Zf  c  is  not  a 
critical  value  of  Z,  set  e  *  ■-  ( 0  -  a)  and  invoke  the  Deformation 
Theorem  to  obtain  e  and  n  as  usual.  Choose  her  so  that 

max  Z(h(u))  <  c  +  e  (3.14) 

V 

and  consider  n(1,h).  The  choice  of  e  implies  n(1,h(u))  "  u  if 
u  C  317  and  therefore  n(1,h)  e  r.  But  then 

max  Z(n(1«h(u)))  <  c  -  e  (3.15) 

contrary  to  (3.2). 

For  some  applications  of  Theorem  3.1,  see  [22]. 

§4.  A  GENERALIZED  MOUNTAIN  PASS  THEOREM 

There  are  many  variations  of  the  Mountain  Pass  Theorem,  some  of 
which  essentially  contain  both  Theorems  2.1  and  3.1.  See  e.g.  [1], 
[13],  [14].  Zn  this  section  a  relatively  simple  extension  of  Theorem 
2. 1  which  requires  the  degree  theory  machinery  of  §3  will  be  proved 
and  a  PDE  application  will  be  given. 

The  main  abstract  result  in  this  section  is 
Theorem  4.1  [24] >  Let  E  *  V  9  X  where  V  is  finite  dimensional 
and  let  Z  e  C^ (E,R)  and  satisfy  (PS).  Suppose  further  Z 
satisfies 

(Z5)  There  are  constants  p,o  >  0  such  that  I|gB  nx  >  °  and 

P 

(Zg )  There  is  an  e  e  3B^  n  x  and  R  >  p  such  that  if 
fi  5  (iR  n  V)  •  {re|0  4  r  <  r},  z|gQ  <  °* 

Then  Z  possesses  a  critical  value  c  >  a  which  can  be 
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characterized  aa 


where 


c  »  inf  max  l(h(u)) 

her  ueQ 


(4.2) 


r  *  (h  6  C(Q,E)|h(u)  ■  u  if  u  e  3Q}  . 

Remark  4.3:  (Xg)  is  satisfied  if  ljv  <  0  and  there  is  an 
e  e  3Bj  n  x  and  R  >  p  such  that  X(u)  <0  if  u  6  span{V,e)  and 
lul  >  R.  If  1(0)  *  0  >  1(e),  V  -  {0},  and  X  ■  E,  we  are  back 
in  the  setting  of  Theorem  2.1. 

Proof  of  Theorem  4.1:  Suppose  c  >  a,  where  c  is  defined  by 
(4.2).  Then  a  familiar  argument  completes  the  proof:  If  c  is  not 
a  critical  value  of  1,  by  the  Deformation  Theorem  with  e  »  ^  , 
there  exists  e  and  n  as  usual.  Choose  her  such  that 


max  X(h(u))  <  c  +  t  (4.4) 

ueQ 

and  consider  n(1,h).  Clearly  n(1,h)  e  C(Q,E)  and  by  our  choice  of 
<x,n(1,h(u))  -  u  on  3Q.  Thus  n(1,h)  e  r  but  by  (4.4), 

max  I(n(1,h(u)))  <  c  -  6  ,  (4.5) 

ueQ 

contrary  to  (4.2). 

Thus  the  only  novelty  in  the  proof  is  to  show  c  >  a.  it 
suffices  to  prove 

h(Q)  n  iBp  n  x  M  (4.6) 

for  each  her  for  then  if  her  and  w  e  Q  such  that 

h(w)  e  OX, 

P 

max  X(h(u) )  >  X(w)  >  inf  X  (4.7) 

ueg  3b  nx 

p 

Since  h  is  arbitrary,  (4.7)  and  (Xg)  imply  c  >  o. 

To  verify  (4.6),  let  P  denote  the  projector  of  B  onto  V 
given  by  our  splitting  of  B.  Then  (4.6)  is  equivalent  to 

Ph(u)  -  0,  Kid  -  P)h(u)  I  -  p  (4.8) 
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for  some  u  e  Q,  u  depending  on  h.  If  u  &  Q,  u  ■  v  +  re  where 

v  e  B  n  V  and  0  <  r  <  R.  Define 
R 

4(r,v)  S  (Kid  -  P)h(v  +  re)l,Ph(v  +  re)) 

Thus  4  is  continuous  on  R  x  v  (which  we  can  identify  with 
R  x  R  for  some  k).  Note  that  on  3Q,  h  ■  id  so  for  u  6  3Q, 

4(r,v)  *  (l(id  -  P)(v  +  re)lfP(v  +  re))  *  (r,v)  , 

i.e.  4  *  id  on  3Q.  In  particular  4{r,v)  *  (p,0)  on  dQ  and 
d(4,int  Q,(p,0))  is  defined  where  int  Q  denotes  the  interior  of 
Q.  Furthermore 

d(4,int  Q, ( p,0 ) }  -  d(id,int  Q,(p,0))  -  1  (4.9) 

by  Corollary  3.10  and  1*  of  (3.6).  But  (4.9)  implies  (4.8)  has  a 
solution  in  Q  via  2*  of  (3.6).  The  proof  is  complete. 

Remark  4.10:  An  interesting  open  question  in  the  settings  of 
Theorems  2.1,  3.1,  or  4.1  is  the  following.  Suppose  I'(u)  * 
u  -  T(u)  where  T  is  contact.  Let  w  be  a  critical  point  of  I 
with  critical  value  c  where  c  is  given  by  (2.2),  (3.2)  or 
(4.2).  If  further  w  is  an  isolated  zero  of  I',  d(I ' ,Br (w) ,0 )  is 
defined  for  small  r  and  is  independent  of  r  by  5°  of  Theorem 
3.11.  One  can  therefore  ask:  What  is  this  degree?  Such  information 
would  assist  in  obtaining  further  zeroes  of  I'. 

Next  we  will  give  a  PDE  application  of  Theorem  4.1.  Consider 

-Au  *  Xu  +  p(x,u),  x  e  Q  (4.11) 

u  ■  0  .  x  e  38 

where  ft  is  as  in  (1.9)  and  p  satisfies  (p^-lpj)  of  Theorem  2.18 
as  well  as 

(Pg)  £p(x,C)  >  0 

for  all  5  e  R. 

Theorem  4.12  [241:  If  p  satisfies  (p^)-^)  and  (p6),  then  for 
each  X  e  R,  (4.11)  possesses  a  nontrivial  weak  solution. 

Proof :  Let  (X^)  denote  the  eigenvalues  of 

-Av  ”  jrv,  x  e  ft  (4.13) 

v  *  o  ,  x  e  an 
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We  order  the  X^  by  increasing  magnitude,  each  eigenvalue  being 
listed  a  number  of  times  equal  to  its  multiplicity.  As  is  well 
known,  this  multiplicity  is  finite  and  0  <  X^  <  X^  <  <  X^  ♦  “ 

as  k  +  «».  Let  (v^)  be  a  corresponding  orthonormal  sequence  of 
eigenfunctions  of  (4.13). 

If  X  <  X  ,  the  proof  of  Theorem  2.18  carries  over  unchanged  to 
the  present  case  and  (pg)  is  not  needed  provided  that  we  take  as 
equivalent  norm  in  8 


(/  (|Vu|2  -  Xu2)dx)1//2  . 

a 


Thus  the  interesting  case  is  X  >  X^.  Suppose 
some  k  >  1.  Set  V  ■  span{v^ , . . . ,v^}  and  X 
complement  of  V.  Using  e.g.  an  eigenfunction 
to  see  that  for  u  e  X, 


**'VW  ,or 

■  V  ,  the  orthogonal 
expansion,  it  is  easy 


where 


J  <|Vu|2 
0 


Let 


Xu2)dx  >  o^lul2 


(4.14) 


Z(u)  =  /  "r  (|7u|2  -  Xu2)  dx  -  J(u) 

Q 

2 

where  J  is  as  in  Theorem  2.18.  Then  as  earlier  J(u)  **  o(lul  )  as 
u  ♦  0  which  with  (4.14)  yields  (Ig).  Next  note  that  for  u  e  V, 

/  ( | Vu| 2  -  Xu2)dx  <  0 
Q 

so  by  (pg)»  I(u)  <  0  for  u  e  V.  Moreover  for  u  e  E  = 
span{V,vk+1),  by  (p4)  and  (2.20), 

Hu)  <  J  [j  (|Vu|2  -  Xu2)  -  Sglul11  +  a^jdx  (4.15) 

A 

Since  E  is  finite  dimensional,  the  y  term  in  (4.15)  dominates  for 
large  u  and  therefore  there  exists  R  >  p  such  that  I(u)  <  0  in 

A 

E\B-.  Thus  (Ig)  is  satisfied  with  e  ■  v^+^  via  Remark  4.3. 


-23- 


Once  (PS)  has  been  established.  Theorem  4.12  follows  from  Theorem 
4.1.  To  verify  (PS),  a  slight  variation  of  the  argument  of  Theorem 
2.18  is  required.  Suppose  |l(un)|  <  M  and  I'(ub)  ♦  0«  I*et 
0  e  (■£>  -jj).  Then  for  all  large  m  and  u  ■  u^  we  have 

M  +  0lul  >  I(u)  -  3l'(u)u  ■  (4.16) 

*  /  [(?■  “  I 2  -  X(^  -  3)u2  -  P(x,u)  +  ft?(x,u)u]dx 

a 

>  -  8)lul2  -  x4  -  0)  /  u2dx  +  ( 0y  -  Da.  /  ju|Udx  -  a 

2  2  a  o 

via  (p4)  and  (2.20).  Since  by  the  HSlder  and  Young  inequalities 

lul  _  <  a.lul  <  K(e)  +  elulW  (4.17) 

I.2  6  L**  LW 

for  all  e  >  0  where  K(e)  ♦  •  as  £  ♦  0,  by  choosing  e 

sufficiently  small,  the  lul  _  term  in  (4.16)  can  be  absorbed  by  the 

L 

lul  term  modulo  increasing  a^.  It  then  follows  that  (u^)  is 
LW 

bounded  in  E  and  (PS)  is  a  consequence  of  Proposition  1.13.  The 
proof  is  complete. 

Remark  4.18:  By  following  the  arguments  of  Corollary  2.30  it  is  not 
difficult  to  show  that  if  p  also  satisfies  (pj),  (4.11)  has  a 
positive  and  a  negative  solution  for  X  e  (■*",  X^).  However  if 
X  >  X  ,  this  is  no  longer  the  case.  Indeed  suppose  u  >  0  in  SI 
is  a  solution  of  (4. 11 )«  As  is  well  known,  v^  has  one  sign  in  fi 
which  we  can  take  to  be  positive.  Then  by  (4.11)  and  (4.13), 

/  (-Au)v.dx  ■  /  u(-Av.)dx  *  X.  /  uv.dx  (4.19) 

Si  Q  a 

«  /  (Xu  +  p(x,u))v.dx 

a 

or 

(X  -  X)  /  uv^dx  -  /  p(x,u)v1dx  (4.20) 

a  a 
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Since  the  right  hand  side  of  (4.20)  is  nonnegative  via  (pg )  while  the 
left  hand  side  is  negative,  this  situation  is  not  possible. 

§5  SYMMETRIES  AMD  MULTIPLE  CRITICAL  POINTS 

When  a  functional  is  invariant  under  a  group  of  symmetries,  many 
situations  are  known  in  which  it  possesses  multiple  critical  points. 

To  minimize  technicalities  we  will  treat  the  simplest  such  case  when 
the  group  is  Zj.  In  particular  we  will  study  an  even  functional, 
i.e.  I(u)  “  I (— u) .  (I  possesses  a  symmetry  since  it  is 

invariant  under  the  maps  {id, -id}).  The  first  multiple  critical* 
point  theorem  we  know  of  is  a  classical  result  due  to  Ljusternik  [25]. 
Theorem  5.1;  Let  I  e  C  (Rn,R)  with  I  even.  Then  1| 

s* 

possesses  at  least  n  distinct  pairs  of  critical  points. 

Note  that  critical  points  of  Ij  occur  in  pairs  since  I  is 

even.  To  prove  Theorem  5.1  and  treatSother  even  functions,  we  need  a 
tool  by  means  of  which  we  can  classify  and  work  with  symmetric  sets. 
With  E  a  real  Banach  space,  let  E  denote  the  family  of  subsets 
A  C  E\ {0}  such  that  A  is  closed  in  E  and  A  is  symmetric  with 
respect  to  0,  i.e.  x  e  A  implies  -x  e  A.  An  index  theory  on  E 
is  a  mapping  i  *  E  ♦  N  U  {•}  with  the  following  properties! 

1*  (Normalization ) »  For  x  €  E\{0),  i({x,-x})  “  1 

2*  (Mapping  property):  If  A,B  e  E  and  there  is  a  map 
♦  e  C(A,B)  with  ♦  odd,  then  i(A)  <  i(B) 

3*  (Subadditlvltv):  If  A,B  e  E,  i(A  U  B)  <  i(A)  +  i(B)  (5.2) 

4*  (Continuity  property):  If  A  e  E  is  compact, 

i (A)  <  •  and  there  exists  a  uniform  neighborhood  of 
A,  Ng(A)  5  {x  e  E|  Ix-Al  <  5}  such  that  i(A)  -  i(N5(A)). 

For  future  reference,  note  the  following  two  easy  consequences 
of 

5*  (Monotonicity):  If  A,B  6  E  and  A  C  B,  i(A)  <  i(B) 

6*  If  A,B  e  E,  i(A\B)  >  i(A)  “  i(B) 

To  prove  5#,  just  take  $  ■  id  in  2*  and  for  6*  note  that 
A  c  B  u  A\B  and  invoke  5*  and  3*. 

Several  examples  of  index  theories  can  be  found  in  the 
literature,  mainly  for  Z2  and  S*  symmetries.  See  e.g.  [26]- 
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[28] .  The  simplest  one  and  easiest  to  work  with  is  that  provided  by 

the  notion  of  genus  [6],  [29].  For  A  e  E,  A  *  we  say  A  has 

genus  n,  denoted  by  Y(A)  *  n,  if  there  is  an  odd  map 
^  e  c(A,Rn\{0})  and  n  is  the  smallest  integer  with  this 
property.  If  there  is  no  finite  such  n  we  set  f(A)  ■  «•.  By 
definition,  Y($)  “  0» 

Some  simple  examples  are  in  order.  Suppose  A3Vu(~V)eE 
where  V  n  (-V)  =  Then  y(K)  m  1  since  we  can  set  $(x)  *  1 

for  x  e  V  and  $(x)  *  -1  for  x  e  -V  making  $  odd  and  in 
C(A,R\{0}).  In  particular  any  finite  set  of  points  A  can  be  so 
decomposed  so  y(A)  *  1.  Thus  if  Y(A)  >2,  A  contains  infinitely 
many  points.  As  another  example,  suppose  A  e  E  is  a  connected 
set.  Then  Y(A)  >  2  for  otherwise  y(A)  =  1  implying  there  exists 

$  e  C(A,R\{0})  with  t  odd.  But  $(x)  >  0  for  some  x  6  A  and 

$(-x)  <  0.  Since  $(A)  is  connected,  this  shows  0  e  $(A),  a 
contradiction . 

We  will  show  that  Y  satisfies  of  (5.2).  Indeed  1*  is 

clear.  To  prove  2»,  suppose  Y(B)  =  n  <  •  or  the  result  is 
trivial.  Hence  there  is  an  f  e  C(B,Rn\{0})  and  odd.  The  function 
f  •  ♦  e  C(A,Rn\{0})  and  is  odd,  so  Y(A)  <  n  »  y(B).  For  3*,  let 
Y(A)  “  m,  y(B)  *  n,  again  both  finite.  Then  there  is  a 

♦  e  C(A,Rn\{0}),  e  C(B,Rn\{0}),  with  $  and  4»  odd.  Using  e.g. 
the  Tietze  Extension  Theorem,  continuously  extend  i>  to 

♦  A  ^ 

♦  e  C(E,R  ),  ii  e  C(E ,R  ).  By  taking  odd  parts  if  necessary,  we  can 

A  A  a  A  -.i- 

asstime  ♦,  ip  are  odd.  Letting  f  ■  .  ip) ,  f  8  C(A  u  B,R  \{0))  and 
is  odd.  Hence  y(A  u  B)  4  m  +  n  ■  y(A)  +  y(B)  and  3*  holds.  Lastly 
if  A  is  compact,  there  are  finitely  many  sets 

k 

A  ■  B  (x  )  u  B  (-x.)  with  r  <  lx  I  such  that  A  C  U  A..  By  an 

J  *j  J  J  J  3  J  J 

above  example,  Y<A^)  ■  1  so  by  3*,  y(A)  <  ».  If  y(A)  ■  m,  there 

is  a  $  e  C ( A , R™ \{ 0 } )  with  $  odd.  As  in  the  proof  of  3*,  $  has 

A  w  A 

an  odd  extension  $  e  C(E,R  ).  Since  $  *  0  on  A,  M  0  on 

Ng(A)  for  some  6  >  0.  Hence  Y(N^(a))  <  m.  But  by  5*  of  (S.2), 

Y(N^ (A) )  >  y(A)  and  hence  y(N^(A))  ■  m  -  y(A). 
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The  index  theory  provided  by  y  is  sufficient  for  our  later 
purposes  and  therefore  we  will  not  discuss  any  others  here.  To  prove 
Theorem  5. 1  some  additional  preliminaries  are  needed. 

Proposition  5.3:  If  V  is  a  bounded,  open  neighborhood  of  0  in 

k  i 

R  which  is  symmetric  with  respect  to  the  origin  and  C(3P,RJ) 

with  ♦  odd  and  j  <  k,  then  there  exists  C  e  3V  such  that 

♦(C)  “  0. 

Proof :  The  proof  can  be  found  in  [9], 

Proposition  5.4:  Let  V  C  R  be  a  bounded,  open,  symmetric 
neighborhood  of  0  and  A  e  E  with  A  homeomorphic  to  3P  by  an 
odd  map  h.  Then  y(A)  *  k. 

Proof :  Since  h  e  C(A,3P)  with  h  odd,  y(A)  <  k.  If 
Y(A)  -  j  <  k,  there  is  a  map  ♦  e  C(A,R^\{0})  with  ♦  odd.  But 
then  ♦  =  ♦  •  h  1  e  C(3P,R^\{0})  with  ♦  odd,  contrary  to 
Proposition  5.3. 

An  immediate  consequence  of  Proposition  5.4  is 
Corollary  5.5:  If  A  e  E  is  homeomorphic  to  Sn  1  by  an  odd 
homeomorphism,  Y(A)  **  n. 

As  a  final  preliminary  we  need  a  version  of  Theorem  1.1  for 

m-1 

S  -  see  Remark  1.4  (i)  -  which  we  shall  simply  state.  Note 
that  if  I  =  II  ,,  I'(x)  ■  I* (x)  -  (I * ( x) x) x.  For  c,s  e  R, 

«S  I, 

let  K  -  {x  e  Sn  |l(x)  -  c  and  I'(x)  ■  0}  and 
c  . 

a  -  {x  e  sn"  |i(x)  <  s). 

Proposition  5.6i  If  I  e  C  (X  ,R),  for  any  c  e  R  and 
neighborhood  0  of  K  ,  there  is  an  e  >  0  and 
n  e  C(  [0,1  J  X  Sn  ,sn  )  such  that 


1* 

n(0, •)  -  id 

2* 

c  Vt 

3* 

If  Kc  -  ♦,  nd,*otc)  c 

Ve 

4* 

If  I  is  even,  n(1»*) 

is  odd. 

Now  we  can  carry  out  the 

Proof  of  Theorem  5.1:  Let  Yk  “  (A  C  Sn_1|Y(A>  >  k),  1  <  k  <  n. 

Corollary  5.5  shows  Yk  *  ♦»  1  <  k  <  n.  Define 

c^  =  inf  max  I(u),  1  <  k  <  n  (5.7) 

AeYk  ueA 
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Mot*  that  c,  <  . . .  <  c  since  Y,  3  .  •  •  O  Y  •  We  will  prove  that 
lnin 

is  a  critical  value  of  X,  1  <  k  <  n.  This  in  itself  is  not 
sufficient  to  prove  Theorem  S. 1  since  c^  may  be  a  "degenerate* 
critical  value,  i.e.  c^  -  ...  ■  cJt+j_^  for  some  j  >  1  with 
possibly  fewer  than  j  distinct  pairs of  critical  points  corresponding 
to  c  (and  hence  fewer  than  n  pairs  for  X).  To  surmount  this 
potential  difficulty,  it  suffices  to  establish  the  following 
"multiplicity  lemma”. 

Lemma  5.8:  Suppose  c^  *  ...  “  cfc+j-i  5  c*  Th®n  Y(*c)  * 

Thus  if  j  >  1,  by  earlier  remarks,  contains  infinitely 

many  distinct  points.  Thus  Theorem  5.1  is  an  immediate  consequence  of 
Lemma  5.8. 

Proof  of  Lemma  5.8t  Suppose  y(K  )  <  j.  Then  by  Proposition  5.2, 

'  _  -  -  —  ,  £ 

there  is  a  5  >  0  such  that  Y(W^(K  ))  <  j.  We  invoke  Proposition 
5.6  to  get  e  and  n  as  in  that  result.  Choose  A  e  such 

that 


max  I  <  c  +  e  (5.9) 

A 

Let  B  s  A\NX (K  ).  By  6*  of  Proposition  5.2,  y(B)  >  X  -  1  so 
0  c 

B  e  Tk  as  is  n(1,B)  via  2*  of  Proposition  5.2.  But  then  by  2*  of 
Proposition  5.6, 

max  I  <  c  -  *  (5.10) 

n(1,B) 

contrary  to  (5.7). 

Remark  5.11:  Since  {x,-x}  B  Yj  for  any  x  B  Sn’\  it  follows  that 

c .  ”  min  X.  Moreover  c  “  max  X  since  S  is  the  only  set  in 
^1  ^  n  1 

Y  .  In  fact  if  A  e  Y  and  A  *  s”  ,  there  is  an  x  e  Sn~'\A.  We 
n  n 

can  then  project  A  to  H\{0}  where  B  is  the  normal  hyperplane 

to  x  through  0  and  then  project  the  resulting  set  radially  into 

H  n  Sn'\  Since  these  projections  are  odd  continuous  maps,  by  2*  of 

Proposition  5.2  and  Corollary  5.5,  y(A)  <  Y(H  ^  Sn  )  «  n  -  1. 

r  n-  1  % 

Consequently  no  such  A  exists  and  Y  “IS  }• 

n 

Remark  5.12»  Another  way  to  characterize  critical  values  of  X  is  as 


b.  *  Bug  min  X(x), 
3  Aey j  x6A 


1  <  j  <  n  . 


(5.13) 
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Zt  is  easy  to  see  that  bj  ■  cR  and  c.|  ”  bR.  However  it  is  an  open 
question  as  to  whether  b^  ■  cn- j+i  for  j  *  1,n.  If  genus  is 
replaced  by  the  cohamological  index  of  [26] ,  it  can  be  shown  that  the 
above  intermediate  critical  values  are  equal* 

There  have  been  many  infinite  dimensional  generalisations  of 
Theorem  5.1,  see  e.g.  [2],  [10]*  We  will  give  one  next* 

Theorem  5*14:  Let  E  be  an  infinite  dimensional  Hilbert  space  and 

1  M 

I  e  C  (E,R)  be  even.  If  I  5  iL  satisfies  (PS)  and  is  bounded 

from  below,  then  I  possesses  infinitely  many  distinct  pairs  of 
critical  points* 

Proof i  The  proof  of  Theorem  5.14  is  formally  the  same  as  that  of 
Theorem  5.1  using  the  infinite  dimensional  analogue  of  Proposition  5.6 
and  the  fact  that  j  in  Lemma  5.8  oust  be  finite  via  (PS).  We  omit 
the  details. 

The  requirement  that  I  satisfies  (PS)  in  Theorem  5. 14  is  too 
restrictive  for  applications.  Consider  e.g.  the  following  problem 

-Au  *  Xp(x,u),  x  e  Q  (5.15) 

u  ■  0  ,  x  e  3Q 

where  p  is  odd,  satisfies  (pj),  (p2)# 

(p7)  p(x,C)  is  odd  in  £ 

and 

(p* )  £p(x,£)  >0  if  £  *  0. 

6  12 

For  u6E*  WQ'  (fi),  let 

I(u)  =  -/  P(x,u)dx  (5.16) 

Q 

Then  I  e  C1 (E,  R) ,  is  even,  and  is  weakly  continuous  via  Proposition 
1.10.  if  I  S  l|gB  t  at  a  critical  point  u  of  I  we  have 

-/  p(x,u)4dx  ♦  (/  p(x,u)udx)  /  7u»7$dx  •  0 

Q  Q« 

for  all  +  6  8.  Therefore  u  is  a  weak  solution  of  (5.15)  with 

X  ■  (J  p(x,u)udx)  *  provided  that  the  X  term  is  finite  and  this  will 
Q 
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be  the  case  via  (p£)  since  u  €  The  weak  continuity  of  Z 

4S>  A* 

implies  I  is  bounded  from  below  (and  above).  Unfortunately  Z  does 
not  satisfy  (PS).  In  fact  let  (u^  be  any  sequence  in  3B^  such 
that  Ujjj  -■*  0.  Then  ItuJ  is  certainly  bounded.  Moreover 

*•<».>  "  I’<um)  -  Cl,<Vu*)usi  +  I’<°>  “  0 
via  (p7 )  and  Proposition  1.10.  Since  we  can  choose  (u^)  so  that 

u  0,  (PS)  is  not  satisfied, 
m 

All  is  not  lost,  however  for  recall  Remark  1.4  (iii).  One  does 
not  need  (PS)  globally  but  only  a  local  version  thereof.  Our  above 
remarks  show  the  local  version  fails  for  this  example  when  c  ■  0. 

Now  suppose  c  *  0  and  (u  )  C  9B.  is  a  sequence  such  that 

IB  1 

Ilu^)  ♦  c  and  Z’(u  )  ♦  0.  Since  (u^)  is  bounded,  um  u. 
Therefore  I(uJn)  ♦  I(u)  m  c  and  ♦  Z'(u)u  via  Proposition 

1.10.  Since  c  *  0,  (p£)  implies  u  *  0.  Consequently  the  sequence 

of  numbers 

Z '  ( u  ) u  »  -J  p ( x , u  ) udx 

®  m  Q  “  m 

is  bounded  away  from  0  and' 

u  -  (Z’(u  )u  rV'tu  )  -  I’(u  )) 
m  m  m  in  m 

converges  strongly.  Thus  " (PS ) ^oc"  is  satisfied.  Since  we  define 

c  ”  inf  sup  I(u),  k  e  N 

Aey^  ueA 
n 


(5.16)  and  (p£)  imply  c^  <  0  for  each  ken.  Consequently  our 
above  remarks  yield 


Theorem  5.17;  If  p  satisfies  (p^)»  (p2)»  (Pg )»  and  (p^),  (5.15) 
possesses  a  sequence  of  distinct  pairs  of  weak  solutions,  (  V*V‘ 
on  R  x  3Bj,  where  “  I*(u^)u^. 

Remark  5.18:  Of  course  the  same  argument  works  for  3Bf  for  all 
r  >  0.  It  is  also  a  good  exercise  to  show  that  c^  0  as  k  ♦  •». 
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Theorems  5.1  and  5.14  yield  multiple  critical  points  of 
constrained  symmetric  functionals.  The  next  result  treats  an 
unconstrained  situation* 

Theorem  5*19  (Clark  Mil):  Let  I  £  C  (E,R)  be  even  and  satisfy 
(PS).  If  1(0)  -  0, 

il-j)  I  is  bounded  from  below, 

and 

(Zg)  There  is  a  K  e  E  such  that  Y(X)  *  k  and  sup  I  <  0, 

K 

then  I  possesses  at  least  k  distinct  pairs  of  critical  points  with 
corresponding  negative  critical  values* 

Proof:  Set  Yj  ■  {A  C  E|y(A)  >  j}  and  define 

c.  ■  inf  sup  I(u)  1  <  j  <  k  (5.20) 

3  AeYj  ueA 

Since  Y^+1  C  Y^«  <  ...  <  c^  and  by  (ly),  In  fact 

Proposition  1.8  implies  c.  »  inf  1.  Hypothesis  (Ig)  shows  <  0. 

That  the  numbers  c^  are  critical  values  of  I  and  there  are  at 
least  k  distinct  pairs  of  corresponding  critical  points  then  follows 
essentially  as  in  the  proof  of  Theorem  5.1  with  Theorem  1.1  replacing 
Proposition  5.6.  One  must  also  use  the  fact  that  1(0)  ■  0.  Hence  in 
the  analogue  of  Lemma  5.8  for  the  current  setting,  since  c  <  0, 

o  $  Kc  and  K c  e  E,  The  remaining  details  are  the  same  as  earlier  so 

we  omit  them. 

Remark  5.21.  Actually  Clark  proved  a  more  general  result  in  111). 

He  will  give  two  applications  of  Theorem  5.19.  Consider  first 

-Au  “  X(u  +  p(u) ) ,  x  e  0  (5.21) 

u  ■  0  ,  x  e  30 

Let  ( X ^ )  denote  the  eigenvalues  of  the  corresponding  linear 
problem  (4.13)  as  earlier. 

Theorem  5.23  129],  [301 i  Suppose  p  satisfies  (pj),  (p3>,  (Py)  and 
5  +  p(€)  satisfies  (p5).  If  X  >  X^,  then  (5.22)  possesses  at 
least  k  distinct  pairs  of  nontrivial  solutions. 
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Proof;  Define  p(£)  “  K  +  p(C)  for  5  e  [-r,r]  and  p( £)  *0 
otherwise.  Then  p  satisfies  (p|),  (p5),  (p j),  and  (pj)  with 
s  "  0.  With  p  so  defined,  any  solution  of  (2.37)  will  satisfy 
(5.22).  Thus  it  suffices  to  find  solutions  of  (2.37)  or  critical 
points  of  1^  as  defined  in  (2.38).  By  (p7),  is  even  in  u  and 

by  the  proof  of  Theorem  2.36,  X^  e  c\e,R),  satisfies  (PS),  (I-y), 
and  1^(0)  ”  0.  Thus  once  we  verify  (Ig),  Theorem  5.23  follows  from 
Theorem  5.19  and  Proposition  1.13.  X>et 

K  =  {  I  a  v  |  l  a2  -  (5.24) 

j-1  J  J  J 

where  v,  is  as  in  (4.13)  and  6  is  free  for  now.  Xt  is  clear 
J  v— 1 

that  K  is  homeomorphic  to  S  by  an  odd  homeomorphism.  Therefore 

y(K)  *  k  by  Corollary  5.5.  For  0  sufficiently  small, 

-  12 

P(u)  "  —  u  +  P(u)  for  u  e  K.  Consequently, 

1  9  2 

l.(u)  »  /  [r  |Vu|  -  X(f“  +  P(u) )]d* 
a  2  2 

*  1  ~  o(02)  <  o 

j-i  j  3 

for  u  e  K  via  (p3)  and  our  choice  of  X.  Thus  X^  satisfies  (Xg) 
and  the  proof  is  complete. 

For  our  final  application  in  this  section,  we  prove  a  version  of 
Theorem  1.36  for  odd  p. 

Theorem  5.25  [181;  Suppose  p  satisfies  (p^)  and  the  hypotheses  of 
Theorem  2.36.  Then  for  each  k  e  H,  there  exists  a  X^  such  that 
for  each  X  >  X^,  (2.35)  has  at  least  k  distinct  pairs  of 

solutions. 

Proof;  As  in  the  proof  of  Theorem  2.36  it  suffices  to  prove  the 
result  for  the  modified  equation  (2.37)  and  therefore  to  find  critical 
points  of  I^(u)  as  defined  in  (2.38).  Moreover  I^(u)  is  even  in 
u  and  satisfies  the  hypotheses  of  Theorem  5.19  except  possibly 
(Xg).  Define  K  by  (5.24)  where  0  is  so  small  that  u  e  K  implies 
P(v(x))  "  P(u(x))  >0  if  u(x)  *  0.  It  follows  that 
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inf  /  P(u)dx  =  a  >  0 

K  n  K 

Thus  if  X  >  Xfc  5  j  S2^1# 

max  I^(u)  <  j  @2  -  Xo^  <  0 

and  (Ig)  is  satisfied.  Theorem  5.19  and  our  above  remarks  then  give 
us  at  least  k  distinct  pairs  of  nontrivial  solutions  of  (2.35)  which 
correspond  to  negative  critical  values  of  I 

Remark  5.26:  By  using  some  of  the  ideas  in  the  proof  of  Theorem  6.1, 
it  follows  that  1^  also  has  at  least  k  distinct  pairs  of  critical 
points  at  which  1^  is  positive.  Thus  for  X  >  X^,  (2.35)  has  at 
least  2k  distinct  pairs  of  solutions.  Theorem  2.36  with  p  odd  is 
just  a  special  case  of  this  result  with  k  “  1.  See  e.g.  [18]  for 
more  details. 


§6.  A  SYMMETRIC  VERSION  OF  THE  MOUNTAIN  PASS  THEOREM 

In  this  section  we  will  prove  a  Z2  version  of  the  Mountain  Pass 
Theorem. 

Theorem  6.1  [18],  [4]:  Let  E  be  an  infinite  dimensional  Banach 
space  and  I  e  C^(E(R)  be  even  and  satisfy  1(0)  "  0  and  (PS). 
Suppose  further  B  ■  V  •  X,  with  V  finite  dimensional  and  I 


satisfies  (I5)  and 

a* 

(Ig)  For  all  finite  dimensional  E  C  E,  there  is  an  R  *  R(B) 
such  that  I(u)  <  0  for  u  e 

Then  I  possesses  an  unbounded  sequence  of  critical  values. 


Remark  6.2;  The  simplest  example  of  (I5)  is  provided  by  (1^)  with  the 
trivial  splitting  V  “  {0}  and  X  ■  E. 


Proof  of  Theorem  6. 1 :  He  will  define  a  family  of  sets  T ^  and  obtain 
critical  values  of  I  by  minimaxing  I  over  these  sets.  Suppose 


V  is  (  dimensional  with  a  basis  e^,...,e^.  Choose 

e  . ,  4  span {e.,...,e  }  5  E  for  m  >  1.  Set  R  =  R(E  )  and 
n^  linn  n  n 

D  -  B„  n  E  .  Define 
m  R  m 
m 
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(6.3) 


(h  e  C(D  ,E)|h  is  odd  and  h  =*  id  on 
m 


n  E  } 


Note  that  G  *  0 .  id  e  G  .  Now  set 
m  *  m 


T.  -  {h(D  \Y)|m  >  ),  h  e  G  ,  V  6  E,  Y(Y)  <  m  -  j} 
j  a  m 


(6.4) 


Proposition  6.5:  The  sets  T ^  possess  the  following  properties! 

i*  r  *  * 

2*  (Monotonicity)  1*^  C 

3#  ( Invariance )  If  4  e  C(E,E)  is  odd  and  $  *  id  on 

3b  He  for  all  in  e  N,  then  4  :  V .  *  T. 

Rb  m  i  j 

4*  (Excision)  If  B  e  Z  e  E,  and  i(Z)  <  s  <  j, 

then  B\Z  e  I\ 

J"8  ____ 

Proof!  Since  G  *  0,  1°  is  trivial.  If  B  =  h(D_\Y)  e  r,.«,  then 

-  m  m  ]+i 

m  >  j  +  1  >  j  and  i(Y)  <  m  -  (j  +  1)  <m-  j.  Hence  B  e  and 

2*  is  satisfied.  If  $  is  as  in  3*  and  B  -  h(D  \Y)  e  I\,  then 

_  m  3 

4  •  h  e  G  .  Therefore  4  •  h(D  \Y)  e  I*.  and  we  have  3*.  Lastly  if 
in  m  j 

B  -  h(D  \Y)  e  T.  and  Z  e  E  with  i(Z)  <  s  <  j,  then 
m  j 


B\Z  -  h(D  \ (Y  U  h  (Z))) 


(6.6) 


Assuming  (6.6)  for  the  moment,  we  have  h~'(Z)  6  E  since  h  is  odd 
and  therefore  Y  U  h_1(Z)  e  E.  Moreover  by  3*  and  2*  of  (5.2), 

i (Y  U  h_1(Z))  <  i(Y)  +  i(h”\z))  4  i(Y)  +  i(Z)  <  m  -  (j  -  s) 

so  b\Z  e  ri_g.  To  prove  (6.6),  observe  that  if  be  B\Z,  then 

b  *  h(x),  x  e  D  \Y\h~1 (Z)  C  D  \Y  U  h-,(Z),  i.e. 
m  m 


B\Z  C  h(D  \(Y  U  h  (Z))) 

Ja 


(6.7) 


On  the  other  hand  if  be  h(D  \Y  U  h  (Z)),  then 

___  m 

b  e  h(D  \Y)\Z  C  B\Z  C  B\Z,  i.e. 

la 


h(D  \(Y  U  h  (Z)))Cb\Z 
n 


(6.8) 


Comparing  (6.7)  and  (6.8)  yields  (6.6)  and  the  Proposition. 
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Next  define 


c.  -  inf  max  I(u),  J  e  * 
^  Ber^  ueB 


By  2*  of  Proposition  6.5, 


(6.9) 


(6.10) 


Proposition  6. lit  For  j  >  £,  >  o. 

Proof:  Let  B  -  h(D_\Y)  e  where  m  >  j,  y(Y)  <  m  -  j.  By  the 
— — —  a  3 

definition  of  R^,  l(u)  <0  if  u  e  Bm\BR  while  I  >  a  on 

■ 

3b  n  x.  since  m  >  i,  X  n  d  *  <t>  and  therefore  p  <  R  .  Let 
-  P  ®  ®  » 

0  «*  {x  e  D  I h(x)  e  B  }  and  let  0  denote  the  component  of  0 
m  p 

containing  0.  Since  h  is  odd  and  h  *  id  on  3Br  n  E^,  0  is  a 

m 

symmetric  bounded  open  neighborhod  of  0  in  Ba«  With  the  obvious 

identification  between  Em  and  R®,  f( 30)  ■  »  by  Proposition  5.4. 

if  x  e  3 0,  h(x)  e  3b  so  if  e  -  {x  e  D|h<x)  e  3b  >, 

p  ®  — „  p 

Y(O)  >  y(30)  «  m  by  5*  of  (5.2).  Therefore  y(S\Y)  >  j  >  £  and 
y(h(0\Y) )  >  l  via  6*  and  2*  of  (5.2).  Consider  h(S\Y)  n  X.  If 
this  set  were  empty,  the  projector  P  of  B  onto  V  lies  in 
C(h(9\Y) ,V\{0) )  and  is  odd.  But  then  Y(h(0\Y)  <  1  *  dim  V 
contrary  to  our  above  calculation.  Consequently  h(©\Y)  n  x  *  +  and 
by  our  definition  of  G,  this  intersection  lies  on  3b Thus  for 
each  B  C  r^,  there  is  a  w  e  B  such  that  h(w)  e  3Bp  n  X  and  by 
d5), 

max  I  >  a 
B 


from  which  c^  >  a  follows. 

Now  we  can  prove  that  Cj  is  a  critical  value  of  I  for 

j  >  1.  This  and  more  follows  from 

Proposition  6.12:  If  j  >  i  and  c^  ■  ...  “  5  then 

Y(K  )  >  q. 
c 

Proof:  Since  c  >  a  by  Proposition  6.11  and  1(0)  -0,  0  $  Kc  so 
X  e  E.  Moreover  X  is  compact  by  (PS).  If  Y(X  )  <  q,  by  4*  of 

c  w  C 

(5.2),  there  is  a  5  >  0  such  that  y(N.(K  ))  **  Y(X  )  <  q.  We  invoke 

0  c  c 
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the  Deformation  Theorem  with  0  -  and  e  -  j  obtaining 

e  e(0,e)  and  n  e  C([0,1]  x  E,E)  such  that 

n(1'Ac +e\°)C  Ac-e  (6.13) 

Choose  B  e  IV.  ,  such  that 
j+q-l 

max  I(u)  <  c  +  e  (6.14) 

ueB 

Since  B  e  r j+q_ ^ •  8 \0  6  Tj  by  4*  of  Proposition  6.5.  The  mapping 

h(1,«)  is  odd  so  by  our  choice  of  e,  n(1,  O  e  G  for  all  m  e  ■. 

-  nt 

Hence  n(1»B\0)  e  by  3°  of  Proposition  6.5.  Thus  by  (6.13)“* 
(6.14), 

®ax__  Ku)  <  c  -  e  (6.15) 

uen(i,B\0) 

contrary  to  (6.9)  and  the  Proposition  is  proved. 

To  show  c^  -*■  «•  as  j  ♦  •  thereby  completing  the  proof  of 
Theorem  6. 1 ,  an  indirect  argument  related  to  that  of  Proposition  6. 12 
b®  employed.  By  (6.10),  (Cj)  is  a  monotone  nondecreasing 
sequence.  If  (Cj)  were  bounded,  there  is  a  c  such  that  c^  c 
as  j  ♦  •.  If  c^  -  c  for  all  large  j,  Y(K-)  «  •  via  Proposition 
6.12.  But  Y(K-)  <  “  by  (PS)  and  4*  of  (5.2).  Consequently  <  c 
for  all  j  e  N.  Set 

K  -  {u  e  E|c£+1  <  I(u)  <  c,  I*(u)  -  0} 

By  Proposition  6.11,  K  e  E  and  by  (PS)  and  4*  of  (5.2)  again,  there 
is  a  6  >  0  such  that  y(K)  -  Y(N6(K>>  *  q  <  •.  We  invoke  the 
Deformation  Theorem  with  e  -  c  -  c  £  and  0  -  N^OC)  to  get  e  and 
n  satisfying  (6.13)  with  c  replaced  by  c.  Choose  j  >  Jt  such 
that 

Cj  >  c  -  e  (6.16) 

and  B  e  IV  such  that 
j+q 

max  I  <  5  +  «  .  (6.17) 

B 
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Arguing  as  in  Proposition  6.12,  it  follows  from  our  choice  of  e  that 
n(1, •)  e  G  for  all  men  and  that  n(1,B\0)  e  I\.  But  then 
(6.17),  (6.13)  and  (6.15)  (with  c  *  c)  are  contrary  to  (6.16)  and 

(6.9) .  The  proof  of  Theorem  6.1  is  complete. 

Remark  6.18:  (i)  Note  that  the  proof  of  Proposition  6.12  works 

whenever  the  sets  1*^  *  $.  In  particular  the  argument  can  be  used  to 

obtain  the  stronger  form  of  Theorem  5.25  mentioned  in  Remark  5.26. 

(ii)  The  condition  that  X(0)  ■  0  can  be  weakened  to  1(0)  <  a 

but  if  this  is  violated  the  result  may  no  longer  be  true.  A  simple 

2 

counterexample  is  I(u)  ■  1  -  lul  . 

We  conclude  this  section  with  a  PDB  application  of  Theorem  6. 1  to 

(1.9) . 


Theorem  6.19  [41 i  Suppose  p  satisfies  (p^),  (p2),  (p4)  and  (p7). 
Then  (1.9)  has  an  unbounded  sequence  of  weak  solutions. 

Proof t  As  we  know  from  the  proof  of  Theorem  2.18,  (p^),  (p2),  (p4) 
imply  I  as  defined  in  (1.11)  belongs  to  C1  (E,R)  and  satisfies  (PS) 
and  1(0)  -  0.  By  (p7),  I  is  even.  Moreover  (p4)  implies  (2.20) 
which  in  turn  gives  (Ig ) .  if  (Ig)  holds.  Theorem  6.1  implies  I  has 
an  unbounded  sequence  of  critical  values  (c^) .  If  u^  is  a  critical 
point  corresponding  to  c^. 


ck  "  “  2  luk'2  ”  /  P(x,uJc)dx 


(6.20) 


If  (u^)  were  bounded  in  B,  (p2),  the  Sobolev  Embedding  Theorem, 
and  (6.20)  show  c^  would  also  be  bounded.  Thus  (u^)  must  be 
unbounded  in  B. 

To  verify  (Ig),  let  (X^),  (v^)  be  as  in  (4.13).  The 

eigenfunctions  (vv)  form  a  basis  for  B.  Let  V  *  span{v4,...,v.} 

^  "  ■  % 
and  X  ■  v  where  t  is  free  for  the  moment.  By  (p2) 

I(u)  >  j  lul2  -  /  (ag|u|8+1  +  ag)dx  (6.21) 

Q 


By  the  Gagliardo-Nirenberg  inequality  [31],  for  all  u  e  B, 

lul  . .  <  blul* lul1!* 

.8+1  .2 


(6.22) 
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where  b  is  independent  of  u  and 

7TT  “  *(?  *  ;)  ♦  "  '  *>  5  «6-23> 

Moreover  if  u  e  X,  eigenfunction  expansions  show 

X4+1,U,22  <  ,U*2  (6.24) 

L 

Substituting  (6. 22)- (6. 24)  into  (6.21)  yields 

- ( 1-a)  ( s+1 ) 

_ ,  .  .  2/1  .s+1.  2  s-1 \  . 

I(u)  >  p  -  a5b  XA+1  p  J  -  a?  (6.25) 

for  all  u  e  38^  n  X.  Choose  p  so  that  the  quantity  in  the 

parentheses  in  (6.25)  equals  V4  •  Thus  determines  p  ■  p  as  a 

function  of  1.  Since  X  +  »  as  l  *  m,  choose  l  so  large  that 
2  1 

p^  >  8a^.  Then  * 

Ku)  >1  p\  So 

on  3b  n  x  and  (I5)  holds.  The  proof  is  complete. 

Pi 

Remark  6.26:  (i)  Note  that  unlike  Theorem  2.18,  (p7)  allows  us  to 

eliminate  all  growth  hypotheses  on  p  near  0.  (ii)  A  slight 
variation  on  (6.20)  shows  (u^)  is  bounded  in  !>"*. 

57.  PERTURBATIONS  FROM  SYMMETRY 

In  the  previous  two  sections  the  existence  of  multiple  critical 
points  of  even  functionals  has  been  studied.  In  this  final  section 
the  effect  of  perturbing  such  a  functional  by  an  additional  term  that 
destroys  the  symmetry  will  be  considered.  We  will  work  in  the  context 
of  the  example  just  treated  in  §6.  Thus  consider 

-Au  -  p(x,u)  +  f(x),  x  e  0  (7.1) 

u  -  0  ,  x  e  38 

and  the  corresponding  functional 

I(u)  ■  ~  lul2  -  /  (P(x,u)  +  f(x)u)dx  (7.2) 

a 
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Theorem  7.3  [32]-[35]>  if  f  e  L2  and  p  satisfies  (p^)#  (p4)» 

(p7),  and  (pj)  with  s  such  that 

t2>  -  ,  (7.4) 

p  -  1  n(s  -  1) 

then  (7.1)  possesses  an  unbounded  sequence  of  weak  solutions. 

Results  related  to  Theorem  7.3  have  been  obtained  by  Bahri  and 
Berestycki  [32],  Struwe  [33],  Dong  and  Li  [34],  and  the  author  [35]. 
The  development  we  follow  is  that  of  [35].  Some  of  the  more  technical 
aspects  of  the  proof  will  only  be  sketched  referring  to  [35]  for  the 
details.  Whether  the  restriction  on  s  given  by  (7.4)  is  essential 
is  not  known.  Bahri  [36]  has  proved  that  if  p  is  a  pure  power 
satisfying  (p2),  the  conclusions  of  Theorem  7.3  hold  for  almost  all 
f  e  L2. 

As  in  §6  to  prove  Theorem  7.3,  it  suffices  to  prove  I  has  an 
unbounded  sequence  of  critical  values.  The  argument  we  employ 
requires  an  estimate  of  an  appropriate  type  on  the  deviation  of  I 
from  evenness.  In  particular  we  need 

|l(u)  -  I(-u)  |  <  3j(|l(u)| 1/11  +  1)  (7.5) 

for  all  u  e  E.  By  (7.2)  and  (p7) 

I(u)  -  I(-u)  «  2  /  f(x)udx  (7.6) 

U 

We  do  not  believe  that  (7.6)  implies  (7.5).  However  it  is  possible  to 
replace  I  by  a  modified  functional  #  such  that  ♦  satisfies  (7.5) 
and  all  large  critical  values  of  ♦  are  critical  values  of  I.  To 
motivate  the  modified  problem,  observe  first  that  by  (p^),  there  are 
constants  *3* *4* *5  >  0  such  that 

“  (Cp(x,C)  +  a3)  >  P(x,£)  ♦  a4  >  a5l Cl W  (7.7) 

for  all  £  e  R. 

Lemma  7.8>  If  u  is  a  critical  point  of  I,  there  is  a  constant 
such  that 
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(7.9) 


/  (P(x,u(x))  +  a  )dx  <  a.(I2(u)  +  l)1^2 
0  4  6 

where  ag  depends  only  on  If I  .. 

u 

Proof:  By  (p4),  at  a  critical  point  of  1# 

I(u)  ■  X(u)  -  j  l’(u)u 

>  (4  "  r)  /  (up(*#«)  ♦  a3)«5x  -  |  Ifl  lul  ~  “  a_ 

*  0  'll 

>  (4  -  ~)  /  (up(x,u)  +  a.)dx  -  elulU  -  K(e)lfl°  -  a_ 

V  0  LW  L 

▼ia  the  HSlder  and  Young  inequalities  where  e  >  0 

is  arbitrary,  and  K(e)  ♦  •  as  £  ♦  0.  Choosing  £  -  ^  (j*  -  l)a5# 
(7.10)  yields  (7.9). 

Remark  7.11:  Note  that  Lemma  7.8  and  (7.9)  give  us  a  bound  for 
critical  points  u  of  I  in  terns  of  the  corresponding  critical 
value  I(u). 

Now  let  x  ®  C*(R,R)  such  that  x(t)  *  1  for  t  <  1, 

X(t)  -  0  for  t  >  2  and  -2  <  x'  <  0  for  t  6  (1,2).  Por 

u  e  E,  define  C(u)  »  2a6(I2(u)  +  l)1^2  and 

♦(u)  5  x(5(u)-1  /  (P ( x,u )  +  a  )dx)  .  (7.12) 

0  4 

Finally  set 

4(u)  =  -  lul  -  /  (P(x,u)  +  ♦(u)f(x)u)dx  (7.13) 

Q 

If  u  is  a  critical  point  of  I,  by  (7.9),  4(u)  -  1  and 
4(u)  “  I(u),  4'(u)  *  I'(u)  “  0.  Conversely  we  have 
Proposition  7.14:  Under  the  hypotheses  of  Theorem  7.3,  ♦  e  C^(E,R) 

and  there  is  a  constant  M  >  0  such  that 

1*  4  satisfies  (PS)  on  W  5  {u  e  E|4(u)  >  N} 

2*  If  u  is  a  critical  point  of  4  in  if,  then  4(u)  “  X(u) 

and  4' (u)  ■  I' (u)  ■  0 
3*  4  satisfies  (7.5)  for  all  u  6  E. 
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Proof t  We  refer  to  1351  for  the  details  of  1*-2*.  To  prove  3*,  by 
(7.13), 

♦(u)  -  *(-u)  -  -(♦(u)  +  t(-u))  /  fu  dx 

Q 

If  u  is  not  in  the  support  of  t(u)  /  fu  dx  ■  0  while  if  u  is 

Q 

in  the  support  of  if, 

/  (P(x,u)  +  a.)dx  <  2?(u)  (7.15) 

Q  4 

due  to  the  definition  of  x  and  font  of  4*.  Therefore 

*(u)  /  fu  dx<  (4a6)1/Ma8a51/y*(u)lfl  2(I(u)2  +  1)'/2v  (7.16) 

Q  L 

<  ♦(u)a9(|l(u)j1/,‘  +  1) 

by  (7.7)  and  (7.15).  Since  by  (7.2)  and  (7.13), 

|l(u) |  <  !*(u)|  +  2|  /  fu  dx|  ,  (7.17) 

0 

combining  (7.16)  and  (7.17)  yields 

4*(u)  /  fu  dx  <  t(u)a1Q(  |f(n)|  +  |  /  fu  dx|1/,w  +  1)  .  (7.18) 

a  a 

An  application  of  Young's  inequality  and  similar  estimates  for  the 
♦(-u)  term  then  give  (7.5). 

Now  we  turn  to  the  question  of  finding  critical  points  for  4. 

Let  (X  ),  (v_)  be  as  in  (4.13),  E  =  span{v. , . . . ,v  },  and 

mm  m  i  m  m 

the  orthogonal  complement  of  Em*  By  (2.20),  there  is  an  such 

that  6(u)  <  0  for  u  6  E  \B_  •  set  D  ■  B_  n  B  and 

a  r  b  r  n 

a  a 

?  -  {h  e  C(D  ,B) |h  -  id  on  3D  }  (7.19) 

a  a  a 

We  define  a  sequence  of  minimax  values  of  ♦« 

b  s  inf  max  4(h(u)),  m  e  *  (7.20) 

“  *efa 

If  f  =  0,  the  arguments  of  §6  show  bB  is  a  critical  value  of  I, 
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but  with  the  f  term  present,  these  numbers  are  not  in  general 
critical  values  of  I.  We  can  however  get  a  lower  bound  for  b—. 
Proposition  7.21:  There  is  a  constant  a  >  0  such  that  for  large  a, 

b  >  a  a®  (7.22) 

a 

where  0  «*  (n(s  -  1))”^(n  +  2  -  (n  -  2)s) 

Proof:  Using  the  fact  that  X  >  const.m^11  [37]  for  large  a,  a 
—————  m 

slight  modification  of  the  argument  given  to  verify  (Ij)  in  Theorem 
6.17  yields  (7.22).  We  omit  the  details. 

Before  obtaining  critical  values  of  4,  a  second  set  of 
comparison  values  must  be  introduced.  Let 

•  »«♦,  *  *"=  e  I0-R„+iJ'  *  «  »*  n  V  «  R^i>  > 

m+1 


i.e.  Um  is  the  "upper"  half  of  Dm+1  and  let 

A  =*  {H  e  C(U  ,E)  | Hi  6  r  and  H(u)  -  u 
xb  m  ID  m 

*  M 


for  lul  *  R_ . .  and  for  u  C  (B_  \B_  )  n  E  } 

nr*- 1  K_ , .  K  a 

m+1  a 


Set 


c  =  inf  max  4(H(u)),  men 

“  H6A  ueu 

a  a 

With  M  as  defined  in  Proposition  7.14,  we  have 
Proposition  7.25:  If  cffl  >  bn  >  M,  A  e  (0,cb  -  b^),  and 


Aa(6)  S  {H  e  Aa!*(H)|D  <ba+6) 


(7.24) 


then 

c  (A)  =  inf  max  4(H(u))  (7.26) 

HeA  (A)  ueu_ 

D  ZB 

is  a  critical  value  of  4  with  c  ( 6)  >  c  . 

A  A 

Proof :  By  the  definition  of  b_,  A  (A)  4  ♦  and  c  (5)  >  c  >  M 

“•a  a  a 

since  A  (A)  C  A  .  if  c  (A)  is  not  a  critical  value  of  4,  let 

a  a  a 


-  1  _  b  -  S)  and  invoice  the  Deformation  Theorem  to  get  e.n 

*  2  '  ■  * 


as  usual.  Choose  H  e  KJ.&)  eoch  that 

max  ♦<H(u)>  <  cmt5)  +  * 
ttCU 

m 

Obsar*.  that  nd.*>  «  <:«».*’  *n4  *  °Ur  d'°lC’  .  . 

nd,H<u»  -  u  for  1.1  -  Vt  "4  f°r  “  '  "vA  ’ 


(7.27) 


since  *  <  0  on  these  sets.  Moreover  on  Dn» 


ince  v  *  v  ««  - - -  _  .  .  _■ 

.««.» < b. . « < c. - z 


H«c«  nd.a"  -  B  on"oB  and  th«r.for.  nd,B)  e  *„<«).  But  b. 


(7.27)  and  the  properties  of 


max  ♦(n(1#»t«))>  <  cb(4)  *  6 


(7.28) 


ueo_ 


contrary  to  (7.26). 

7. 29,  Sot.  that  a.  •  *  •.  V"  »—  “ 

interesting  °Pen  question  is  What  happens  to  cffl(  ) 

To  complete  the  proof  of  Theorem  7.3.  with  the  aid  of  Proposition 

7.21  and  7.26,  it  suffices  to  show  that  CB  >  ^  Cor  *rbitrarily 
large  values  of  m.  We  will  prove 
Proposition  7,30.:  Suppose 
a  constant  «  >  0  such  that 


c  for  all  large  m.  Then  there  is 

B 


b  <  un 

B 


u/p-1 


(7.31) 


for  all  large  m. 

Comparing  (7.31)  to  (7.22),  we  see  these  inequalities  are 
incompatible  with  (7.4).  Thus  cm  -  bB  for  all  large 

impossible  and  our  proof  of  Theorem  7.3  is  complete. 

«  >  A  leVAAmm  *  >  0  anj  H  6  A  fUCh  thtt 

proof  of  Proposition  7.30t  Choose  m 

max  4(8(0))  <  bg  ♦  *  •  (7.32) 

ueo 

extend  B  t.  D^,  a.  £l.)  -  «<»>  »  «  "■  "4  B,U>  * 

tor  «e-V  »i»c.  *  ‘•odd.  “  «  C"Vd>,)  *na  b*l°n5‘ 


m+1  ’ 


Hence 


-43- 


(7.33) 


m+1 


<  max  t(H(u)) 


ueo 


m+1 


By  (iii)  of  Proposition  7.14  and  our  definition  of  H,  for  each 

ueun, 

*  A  “  1 

*(H(-u))  <  *{H(u))  +  81  (|*(H(u)>r  +  1)  (7.34) 


Hence  by  (7.32)  and  (7.34), 


max  $(H(u))  <  b  +  e  +  8  ( (b 
_  _  m  i  m 

ue-o 

m 


+  e)1/w  + 


D  , 


(7.35) 


and  consequently  by  (7.33), 


b  . 4  <  b  +  e  +  8  ( (b  +  e)1/w  +  1)  . 
xo » I  n  in 


(7.36) 


Since  e  >  0  is  arbitrary, 

b  <  K  ♦  Mb’*  +D  (7.37) 

m+  i  m  i  m 

for  all  large  m.  How  by  a  straightforward  induction  argument,  (7.37) 
implies  (7.31)  and  the  proof  is  complete. 
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